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ABSTRACT 

The c o n t r i b u t i o n  of e l e c t r o n  exchange t o  in te rmolecular  

p o t e n t i a l s  i s  s tud ied  us ing  t h e  operator  form of p e r t u r b a t i o n  theory ,  

when t h e  non- in t e rac t ing  system of atoms or molecules i s  degenera te .  

A genera l ,  symmetry adapted degenerate  p e r t u r b a t i o n  theo ry  i s  

developed, i nc lud ing  t h e  almost-degeneracy case .  P e r t u r b a t i o n  

expansions a r e  given up t o  second order  i n  the  energy. D i f f e r e n t i a l  

equa t ions  f o r  t h e  per turbed  wavefunctions a r e  obta ined ,  as w e l l  a s  

t h e i r  a s s o c i a t e d  v a r i a t i o n a l  p r i n c i p l e s .  
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I. In t roduc t ion  

When d e a l i n g  wi th  t h e  i n t e r a c t i o n  of atoms or  molecules ,  f c r  

example i n  c o l l i s i o n  processes  or i n s i d e  c r y s t a l s ,  t h e  wavefunctions 

and ene rg ie s  f o r  t he  non i n t e r a c t i n g  system a r e  sometimes a c c u r a t e l y  

known, i n  which case  i t  i s  convenient t o  use  p e r t u r b a t i o n  cheory t o  

o b t a i n  t h e  c o r r e c t i o n s  due t o  the  i n t e r a c t i o n .  Furthermore,  t h e  

new wavefunctions are r equ i r ed  t o  have a symmetry corresponding t o  

a n  i r r e d u c i b l e  r e p r e s e n t a t i o n s  of t h e  group of t h e  f u l l  hami l ton ian .  

This  symmetry i s  u s u a l l y  imposed by apply ing  a grou;, t h e o r e t i c a l  

p r o j e c t i o n  opera tor  A , fo r  the  appropr i a t e  r e p r e s e n t a t i o n ,  t o  t h e  

s e t  of  unperturbed s t a t e s .  But a s e t  of l i n e a r l y  independent 

unperturbed wavefunctions may become l i n e a r l y  dependent a f t e r  be ing  

p r o j e c t e d ,  s o  t h a t  t h e  development of a p e r t u r b a t i o n  theory  i n  

terms of t he  e i g e n s t a t e s  fo r  the non i n t e r a c t i n g  system r e q u i r e s  

s p e c i a  1 a t  t e n t  i o n  

Th i s  problem i s  p r e s e n t  i n  t h e  p e r t u r b a t i o n  theory  of i n t e r -  

molecular p o t e n t i a l s  i n  the  in te rmedia te  range between long d i s t a n c e s  

where a mul t ipo le  expansion i s  used  and exchange e f f e c t s  neg lec t ed ,  

and s h o r t  d i s t a n c e s ,  where chemical b inding  i s  found and t h e  exchange 

e f f e c t s  predominate.  Here t h e  opera tor  JL ant isymmetr izes  t h e  

t o t a l  wavefunct ion wi th  r e s p e c t  t o  e l e c t r o n  exchange. 

The p e r t u r b a t i o n  theory  of in te rmolecular  p o t e n t i a l s  i nc lud ing  

exchange was i n i t i a t e d  by E i sensch i t z  and London and cont inued 

s i n c e  then  by s e v e r a l  au tho r s  
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2-8 . The use of l i n e a r l y  dependent b a s i s  c 



sets  has  led sometimes t o  i n c o n s i s t e n c i e s  i n  t h e  l i t e r a t u r e ,  which 

by us ing  l i n e a r l y  independent,  9- 1 2  have been avoided more r e c e n t l y  

u s u a l l y  orthonormalized, se t s ,  

Another f r u i t f u l  approach l3’I4 has  been based on operator  

p e r t u r b a t i o n  theory,  l5’I6 which he lps  t o  i s o l a r e  the d i f f i c u l t i e s  d e r  i b e . i  

from t h e  symmetry problem . I n  t h i s  c o n t r i b u t i o n  we want t o  use the  1 7  

opera to r  approach t o  s tudy  the problem when t h e  non i n t e r a c t i n g  systerrl 

i s  degenerate .  For example, degeneracy w i l l  e x i s t  i f  t h e  non 

i n t e r a c t i n g  atoms or molecules have o r b i t a l  degeneracy or t h e i r  

s p i n s  coupled t o  a m u l t i p l i c i . t y  smal le r  than  t.he h ighes t . .  We s h a l l  

keep t h e s e  examples i n  mind but  develop the  forrnallsrn i n  g e n e r a l ,  

I n  s e c t i o n  II w e  g ive  t h e  bas i c  equat ions  €or  symmetry adapted, 

degenera te  per t .urbat i .on theory  and cons ider  a l s o  the  almost-  

degeneracy case. Sec t ion  III i nc ludes  t h e  p e r t u r b a t i o n  expansions 

when t h e  degeneracy i s  cempletely removed i n  f i r s t  order  and when 

i t  p e r s i s t s  t o  f i r s t  o rder  and i s  removed t o  second o rde r .  Sec t ion  L V  

gives  t h e  corresponding d i f f e r e n t i a l  equa t ions  and d i s c u s s e s  t h e i r  

a s s o c i a t e d  va r i a t i . ona1  p r i n c i p l e s  

11. Symmetry adapted, degenera te  p e r t u r b a t i o n  theo ry  

E O  
L e t  u s  cons ider  a system of atoms or molecules whose energy 

i n  t he  absence of i n t e r a c t i o n s  i s  g times degene ra t e ,  w i th  t h e  

unpertur‘lbed s ta tes  given by ~ C P o i L  g * ; . , d  

of l i n e a r l y  independent,  non-symmetrized wavef<-inct ions 11 form,  

t oge the r  with the  s e t  of e x c i t e d  s t a t e s  

T ~ L S  s e t  



. 
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a complete b a s i s  t o  d e s c r i b e  t h e  v e r i f i e s  <cQk I y0;>=o 
non- in t e rac t ing  system. 

We want to ob ta in  a p e r t u r b a t i v e  s o l u t l o n  for  t h e  i n t e r a c t i n g  

system i n  terms of t h i s  complete b a s i s ,  i nc lud ing  t h e  symmetry 

p r o p e r t i e s  of t he  whole system. I n d i c a t i n g  wi th  A t he  group 

t h e  o r e  t i c a  1 p r o  j ec t ion  ope ra to r  which s e  l e c  t s the  wave func t ion  

components belonging t o  t h e  i r r e d u c i b l e  r e p r e s e n t a t i o n  of i n t e r e s t ,  

it w i l l  i n  gene ra l  be a product  of a po in t  group p r o j e c t i o n  opera tor  

t imes t h e  antisymmetry p r o j e c t i o n  ope ra to r .  The set  of symmetry 

adapted s t a t e s  {A yoi). 
and could lead  t o  ill behaved expansions.  In order  t o  avoid c h i s  

d i f f i c u l t y  w e  i n t roduce  t h e  

matrix) A fo r  t h e  s e t ,  

i s  not n e c e s s a r i l y  l i n e a r l y  independent 

g x g over lap  mat r ix  (or Gram's 

4 

which i s  hermi t ian ,  and d iagonal ize  i t  by means of t he  u n i t a r y  

t r ans fo rma t ion  S t o  o b t a i n  the di.agona1 ma t r ix  , 
N 

s t A S = %  
N N r v  

The e igenvalues  d; of A a r e  d e f i n i t e  p o s i t i v e ,  i . e .  "(; >/ 0, 

and w e  i n d i c a t e  t h e  corresponding e igenvec to r s ,  t h e  i - t h  columns 

N 

of S by S. so  t h a t  
A' n41 
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S e l e c t i n g  t h e  h g e igenvec to r s  with eigenvalues  d i f f e r e n t  from 

z e r o  w e  fo rm the s ta tes  

where h> p >  1 and yo i s  a row ma t r ix  wi th  elements yo; . 
These s t a t e s  form a s e t  of symmetry adapted, l i n e a r l y  independent 

4 

wavefunctions d e s c r i b i n g  the non- in t e rac t ing ,  system of atoms or 

molecules.  I n  e f f e c t ,  c l e a r l y  - B v + = w ~ ~  , and 

s o  t h a t  they are orthonormalized. Notice t h a t  t h i s  r e s u l t  i s  

obtained without imposing t h e  o r thonorma l i ty  o f  t h e  s e t  

We s h a l l  u s e  t h e  previous r e s u l t s  t o  s e t  up t h e  eigenvalue 

problem using t h e  wave and r e a c t i o n  ope ra to r  formalism , i n d i c a t i n g  

wi th  c a p i t a l  greek le t ters  t h e  symmetrized s t a t e s ,  and i n t r o d u c i g g  

t h e  p r o j e c t i o n  o p e r a t o r s  

16 



and 

< w V > = d )  
I !  

I n  Schrodinger equa t ion  cy- E ) ~ = o  

w e  have Av=v and ct1,JJ=O , S O  t h a t  only the 

p r o j e c t i o n  wi th  4 will give  a r i g h t  hand s i d e  d i f f e r e n t  from ze ro  

and we can wri te ,  i n  t h e  u s u a l  way, 

From (8.b) w e  o b t a i n  

where o( and p i n s u r e  t h a t  T i s  w e l l  def ined  a d  d c  no t  

a f f e c t  t h e  r e s u l t s ,  and r e p l a c i n g  (9)  i n  (8.a), 

In t roduc ing  t h e  nota.t.ion 



? 

and p r o j e c t i n g  t h e  f i r s t  Eq. (10) on & + [  , we obt:ain the 

s e c u l a r  equat ion 

d i scussed  i n  d e t a i l  by Lzwdin f o r  6 = 1 . 
numbers the e n e r g i e s  t h a t  s p l i t  from 

and w e  have used the  r e s u l t  <wT, W \ ~ o p > = < ~ y t  I(D[vT>=Jp+ - 
Once t h e  c o e f f i c i e n t s  C 

t o  E are  obtained from (9),  

Here t h e  index h) 3 2 1 
Eo 

due t o  t h e  i n t e r a c t i o n ,  

a r e  known the  s t a t e s  Y corresponding 
4 4 P  

Q 

(1.3) 

Equations ( 1 2 )  and (13)  may be r e w r i t t e n  e x p l i c i t l y  i n  terms of t h e  

unsymmetr ized s t a t e s  

(14') 

u s i n g  t h e  decomposition 

determinant  

H = Ho + V , t o  o b t a i n  t h e  s e c u l a r  
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and r e - o b t a i n  Van der Avo i rd ' s  r e s u l t  for  t h e  non-degenerate case. 

For h = g, i . e . ,  when t h e  s e t  $8 C4.i) 

t h e  f u l l  5 
i s  l i n e a r l y  independent,  

u n i t a r y  t r ans fo rma t ion  appears  i n  (15), which can then 

be e l imina ted  t o  ob ta in ,  i n  matr ix  n o t a t i o n ,  

e 

I f  t h e  m a t r i x  elements of second and h ighe r  order i n  V a r e  neg lec t ed  

i n  (16) w e  are  l e f t  w i th  the valence bond s e c u l a r  equa t ion  u s u a l l y  

ob ta ined  when t h e  i n t e r a c t i n g  system wavefunction i s  w r i t t e n  a s  a 

p r o j e c t e d  l i n e a r  combination of S l a t e r  determinants  cons t ruc t ed  from 

t h e  p roduc t s  18 of i s o l a t e d  atom wavefunctions . Toi. 
It i s  seen  from eq. ( 1 2 )  t h a t  w e  can always choose 

) 
and u s i n g  (13) 

Equat ion ( 1 2 )  t o g e t h e r  with <?k7 \ e 7 ) = d  w i l l  t hen  determine 

, uniquely or a l t e r n a t i v e l y ,  t h e  c o e f f i c i e n t s  cqp ) R 
choosing N 

from Eq. (18) t h a t  for  f i xed  C 

w i l l  determine the  norm of WT . It i s  a l s o  seen  
9 

va lues  the  s t a t e s  a r e  
4P 4.- 



. 
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orthogonal  w i t h i n  an  e r r o r  of second order  i n  

s e c t i o n  we s h a l l  f i n d  i t  convenient  t o  use  t h e  c o n d i t i o n  

V . I n  t h e  fol lowing 

a r e  obtained from t h e  lowest order s o l u t i o n  of  (6) 
where t h e  c 

+P 
Eq. (12). 

I n  some c a s e s  t h e  unperturbed s t a t e  of i n t e r e s t  w i l l  no t  be 

degenerate ,  b u t  i t s  energy w i l l  be c l o s e  t o  o the r  unperturbed energy 

l e v e l s ,  t h e i r  d i f f e r e n c e  being sma l l  compared wi th  t h e  magnitude of  

t h e  i n t e r a c t i o n .  This  s i t u a t i o n  may a r i s e  when d e a l i n g ,  for  example, 

w i th  s p i n - o r b i t  e f f e c t s .  

t r e a t e d  i n  t h e  way desc r ibed  above’? Let u s  i n d i c a t e  wi th  E?)and 1 

These almost degenerate  c a s e s  can be 

yo; , I  2 i  a4 , t h e  c l o s e l y  spaced e n e r g i e s  and t h e i r  wave- 

func t ions  and l e t  yk , 
s t a t e s .  We in t roduce  t h e  ope ra to r  A def ined  by 

k,g , i n d i c a t e  t h e  o the r  unperturbed 

a 

and write 



. 
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We f ind  then  t h a t  

s o  t h a t  EAu (') 

degenerate  se t .  The previous and fol lowing r e s u l t s  may then  be 

app l i ed  t o  t h e s e  problems by simply r e p l a c i n g  Eo Ho and V 

by E 2  

i s  g times degenerate and ~~o~~ i s  a g - o r d e r  

- - , Ho and V r e s p e c t i v e l y .  

111. P e r t u r b a t i o n  expansion i n  the ope ra to r  formalism 

To o b t a i n  t h e  e igen func t ion  and eigenvalue E of t h e  s s- 
i n t e r a c t i n g  system of atoms or molecules t o  i n c r e a s i n g  order  i n  t h e  

p o t e n t i a l  V , w e  r e q u i r e  a p e r t u r b a t i o n  expansion for  T . This  

w e  s h a l l  do, fo l lowing  Van der  Avoird 's  t r ea tmen t  , by n o t i c i n g  t h a t  14 

where A i s  a normal, idempotent ope ra to r  de f ined  by 

which v e r i f i e s  T= A$= $A + , and where 



. 

In t roducing  t h e  unsymme tr ized  r e s o l v e n t  opera tor  

s a t i s f y i n g  

and ope ra t ing  w i t h T %  t o  the  l e f t  of  ( 4 ) ,  w e  ge t  

Using t h e  r e l a t i o n  

and i t e r a t i n g  i n  Eq. 

expansion converges,  T = Tt . The he rmi t i an  c h a r a c t e r  of T may be 

e x p l i c i t l y  shown by r e p l a c i n g  T 

( 7 )  i t  i s  found t h a t ,  provided t h e  i t e r a t i o n  

i n  the  r i g h t  hand s i d e  of ( 7 )  by 

Tt , s o  t h a t  



, 
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I n  t h i s  form T may be expanded as a sum of h e r m i t i a n  terms, which 

may be obtained i n  t h e  b a s i s  se t  of unsymmetrized s ta tes  f o r  t h e  

non - i n t e r  ac  t ing  s ys t e m .  

To c a l c u l a t e  and E we must so lve  by i t e r a t i o n  t h e  9 4 
equa t ions  

and 

The procedure t o  fol low w i l l  depend on the  degeneracy being completely 

or p a r t i a l l y  removed, or  p e r s i s t e n t  i n  f i r s t  o rde r ,  o r  second o r d e r ,  

e t c .  We s h a l l  on ly  consider  two c a s e s :  

I. The degeneracy i s  completely removed i n  f i r s t  o rde r .  

11. It i s  p e r s i s t e n t  t o  f i r s t  order bu t  completely removed t o  second 

o rde r .  

Other  c a s e s  may be d e a l t  w i th  i n  s i m i l a r  ways. 

We s t a r t  w i th  case  I .  To f i r s t  order  we g e t  from Eq. ( l o a >  

which g ives  h d i f f e r e n t  e igenenergies  E (4 )  and, choosing 
4- 
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and t h e  unsymmetrized s t a t e s  

. Replacing C f ) ( l  i n  ( lob)  w e  g e t  

and us ing  

t h e  r e s u l t  i s  

(I) 

3.k r e q u i r e d  i n  @vi' .3 a s  To o b t a i n  the  c o e f f i c i e n t s  
I1 

w e l l  as t h e  second order  energy E:' , w e  proceed to' t h e  second 
Y 

orde r  approximation fo r  ( l o a ) ,  given by 
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, summing over p '  and u s i n g  Eq. (11) and io) * Mul t ip ly ing  by 4- a/ e' 
(13) ,  

$I=.? 7 so  t h a t  f o r  

To f i n d  C "I * w e  write 

and r e p l a c i n g  t h e  second expres s ion  i n  E q .  (17)  we g e t ,  f o r  7'f.T 1 

which t ogether  w i th  , r e s u l t i n g  from @I* 
4f" 

, d e f i n e  @V"'= $'py . We a l s o  
l- 

o b t a i n  from Eq. ( lob ) ,  



This  procedure may be continued t o  o b t a i n  higher  order  r e s u l t s ,  

example, the t h i r d  order  energy w i l l  be given by 

For 

(2%) 
I n  case  I1 we would g e t ,  from the  s o l u t i o n  of equat ion  ( l l) ,  

would be yet  undetermined up t o  an  u n i t a r y  t ransformat ion .  We go 

t hen  t o  the  second order  approximation t o  Eq. ( l o a )  and w r i t e  
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P u t t i n g  

, and summing over p '  w e  o b t a i n ,  (b)* 

.3! P' 
m u l t i p l y i n g  E q .  (23)  by /c 

a f t e r  u s i n g  E q .  (ll), 

(0,21 
1 which g i v e s  us h d i f f e r e n t  second order  e n e r g i e s  E 

2 

and . We a l s o  o b t a i n  from E q .  ( l o b ) ,  

w e  would go t o  t h e  next  order ,  a s  done 033) To f i n d  ,C, "%" and E ~ 

i n  case  I, and s o  on. 
w 

This  completes our d i scuss ion  of t h e  p e r t u r b a t i v e  s o l u t i o n s .  

To  compute second o rde r  ene rg ie s  w e  would need t o  perform sums over 

t h e  e x c i t e d  s ta tes  of Bo , included i n  R o  . When d e a l i n g  wi th  

c o r r e c t i o n s  t o  ground s t a t e  ene rg ie s ,  i t  w i l l  be u s e f u l  i n  some 

c a s e s  t o  use t h e  i n e q u a l i t y  16 



E cz\ 

t J  from which the  fol lowing bounds a r e  obtained f o r  

16 

Y 3! lq;)> L 

I 1  
The Unsold approximation may be  considered a s  an i n t e r p o l a t i o n  

between these  two bounds. 

IV. D i f f e r e n t i a l  Equations and V a r i a t i o n a l  P r i n c i p l e s .  

I n  connect ion wi th  p r a c t i c a l  a p p l i c a t i o n s ,  i t  i s  f r equen t ly  

u s e f u l  t o  work wi th  the  d i f f e r e n t i a l  equa t ions  for  each p e r t u r b a t i o n  

20 
order  and t h e i r  a s s o c i a t e d v a r i a t i o n a l  p r i n c i p l e s  . 

To ob ta in  a d i f f e r e n t i a l  equa t ion  we s h a l l  look for  a wavefunction 

belonging t o  the  t o t a l  (unsymmetrized) space,  such t h a t  

From t h e  r e l a t i o n  
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and (1II . lOb) w e  g e t ,  i n t r o d u c i n g  Q =A-? 

and o p e r a t i n g  t o  t h e  l e f t  w i th  9 (Ez'--k!o) I 

Rather t han  working wi th  t h i s  equat ion w e  may t r y  t o  s o l v e  t h e  

"re la  t e d  " equ a t  i on  

and, s i n c e  t h i s  $+ would a l s o  s o l v e  Eq.  ( 4 ) ,  we can w r i t e  

r e q u i r e s  9 ~ ~ q = ~ ~ z F  . The normalizat ion c o n d i t i o n  f o r  

t h a t  < x, [T (x,) be f i n i t e .  Otherwise we a r e  f r e e  t o  

choose, t o  s o l v e  Eq. (5), - t h e  boundary c o n d i t i o n  4 (40; I Y$> -7 
. It i s  then seen t h a t  t he  formal s o l u t i o n  

g ives ,  a f t e r  expanding and r e a r r a n g i n g  terms, a s o l u t i o n  f o r  

i d e n t i c a l  t o  t h e  one obtained i n  Sec t ion  111. Equation (5) t oge the r  

w i th  t h e  a d j o i n t  r e l a t e d  equation 
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may be obtained from the  v a r i a t i o n  funct ion 

and t h e  v a r i a t i o n a l  p r - inc ip l e  

It i s  seen  from Eq. (8) t h a t  i n  o rde r  t o  g e t  y,,+ and F; i t  i s  

necessa ry  t o  s o l v e  f i r s t  the  s e c u l a r  equa t ion  (111. loa) ,  t o  o b t a i n  

'E and (ps . This  may be done us ing  a g a i n  a p e r t u r b a t i o n  

4 (1) 
t r e a t m e n t .  Once E 

Eq. (111.11) one would o b t a i n  

approximation t o  Eq. (5), 

and Tr a r e  known from t h e  s o l u t i o n  of 

y! from t h e  f i r s t  order  
4 

fo r  ca se  I of t he  previous s e c t i o n .  A v a r i a t i o n a l  e x p r e s s i o n  f o r  



I 

I -  . 
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n o t  i c  i n g  t h a t  Ty)= I i ’ = O  

inc lude  t h e  non-hermitian opera tor  At i t  w i l l  be 

and J ( z )  may be w r i t t e n  

1 S jnee  E q .  (10) does not  

4 

where w e  have used  

symmetry adapted Hyl le raas  v a r i a t i o n a l  p r i n c i p l e  

< 9 ‘; [ ‘4 ‘; > = 4 . Equation (11) i s  a 

2 1  * V a r i a t i o n a l  

p r i n c i p l e s  f o r  higher  o rde r s  and f o r  case  I1 may be d iscussed  a l o n g  

i n  t h i s  equat ion  i t  i s  * P u t t i n g  

found t h a t  

22 t h e  same l i n e s  . 
V a r i a t i o n a l  p r i n c i p l e s  of the  Hy l l e raas  type ,  li.ke E q .  (111, 

are  u s e f u l  provided t h e  so l .u t ion  t o  t h e  ze ro th  order  problem i s  

a c c u r a t e l y  known. When t h i s  i s  no t  s o  i t  w i l l  be u s u a l l y  more 

convenient  t o  use t h e  f u l l  v a r i a t i o n a l  p r i n c i p l e .  It i s  a l s o  seen  

t h a t  charge t r a n s f e r  e f f e c t s  may be s tud ied  by inco rpora t ing  i n  lZq.(M] 

t h e  corresponding charge t r a n s f e r  s t a t e s .  Never the less ,  t h a t  may 

compl ica te  t h e  computation of the l a s t  term i n  Eq.  (ll), making 
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a g a i n  more convenient  t o  use  t h e  f u l l  v a r i a t i o n a l  p r i n c i p l e ,  The 

best  computat ional  method t o  fol low should be  chosen i n  accordance 

w i t h  each  p a r t i c u l a r  problem. 

V. Discuss ion  

I n  t h e  prev ious  t rea tment  w e  have assumed t h a t  t h e  s o l u t i o n  fo r  

t h e  n o n - i n t e r a c t i n g  system of  atoms o r  molecules i s  accural te ly  known. 

This  w i l l  c e r t a i n l y  be  t h e  case  when d e a l i n g  wi th  i n t e r a c t i n g  

hydrogen atoms. The equa t ions  obta ined  fo r  t h e  ene rg ie s  and wave- 

func t ions  may be used t o  d e s c r i b e  a p a i r  of  hydrogen atoms i n  a 

symmetry s t a t e  corresponding t o  e x c i t e d ,  i . e .  o r b i t a l l y  degene ra t e ,  

n o n - i n t e r a c t i n g  hydrogens, o r  t o  d e s c r i b e  more than  two hydrogen 

atoms i n  a s t a t e  wi th  m u l t i p l i c i t y  sma l l e r  than  t h e  h i g h e s t .  For  

o the r  atoms t h e  use fu lness  of t h e  p e r t u r b a t i o n  approach wi th  depend 

on t h e  accuracy of  t h e  unperturbed s t a t e s .  

As i t  i s  u s u a l l y  t h e  case  wi th  p e r t u r b a t i o n  t h e o r e t i c a l  

t r e a t m n t s ,  w e  have assumed t h a t  t h e  i t e r a t i o n  s o l u t i o n  o €  t h e  

equa t ions  converges,  i n  which c a s e  t h e  energy has  been shown t o  be 

r e a l  t o  a l l  o r d e r s .  With r e s p e c t  t o  t h e  meaning of "order" i n  

symmetrized p e r t u r b a t i o n  theo ry  i t  may be u s e f u l  t o  t ake  i n t o  

account  t h a t  t h e  ze ro  order  problem i s  recovered  by t a k i n g  v+o 
- and 9-3 4 . For example, when d e a l i n g  wi th  E q .  ( Iv .5 )  w e  can write 
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where i n  t h e  r i g h t  hand s i d e  we appa ren t ly  have a ze ro th  order  t e r m .  

&4 Nevertheless ,  f o r  4-4 t he  opera tor  '53 commutes wi th  Ha- 
and t h e  term d i sappea r s  i n  the unperturbed problem. Consequently, 

t he  whole express ion  must be considered a s  a f i r s t  order  one. 

From t h e  knowledge of a c c u r a t e  t o  a c e r t a i n  order  i t  i s  

p o s s i b l e  t o  compute expec ta t ion  va lues  of p r o p e r t i e s  of t h e  i n t e r -  
? 

a c t i n g  system t o  t h e  same order .  The a p p l i c a b i l i t y  of Dalgarno 's  

in te rchange  theorem fo r  expec ta t ion  va lues  i s  r e s t r i c t e d  a s  i n  

unsymmetrized degenera te  p e r t u r b a t i o n  theory  . This  r e s t r i c t i o n  20 

might have been expected,  s i n c e  our r e s u l t s  reduce t o  those  of 

unsymmetrized degenera te  p e r t u r b a t i o n  theory  for 9 = 1 - 
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